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The logistics operation considered is imbedded in a system that is
subject to damage. Natural attrition and induced attrition can both oc=
cur. This system is concerned with the availability and/or use of several
different types of items during a specified period of time. The purpose
of logistiecs is to furnish transportation, reduce natural attrition through
maintéenance, and return damaged items to operational condition. The capa=
bility of the logistics operation is examined by similating the operation
of the entire system for the specified time period. The damage received
by the various parts of the system depends on the situation at the start
attrition, end maintenance procedures, ete. Attrition oecurs on a proba=
bility distribution basis and is introduced by a Monte Carlo procedure.

The time required to return a damaged item to operational condition depends
on the type of damage, the damage received by other items, the character=
isties of the logistics operation, damage received by the logistics part of
the system, etc. To obtain the simulation model, the overall system is
divided into subsystems on the basis of the use and location of the items,
the properties of the logistics operation, etec. The time scale used 1is
discrete; i.e., all important effects are considered to occur during one
of a specified finite set of time intervals. The same form of simmlation
model is used for representing the operation of each subsystem for each
time interval. That is, the mathematical model has the same functional
form but the variables in this functional form can differ with the sub-
system and time interval. These subsystems can interact in many ways;
e.g., items can be transferred between subsystems, damage received in

one subsystem can affect the logistics operations in other subsystems,

etc. Using time as the basis for coordination among subsystems, the math-
ematical model and random assignments for attrition can be programmed on

a high speed computer. The simulation is performed by first obtaining the
operational results for all subsystems at the first time considered; then,
using the results for the first time, the results are obtained for the
second time; etc. Examination of the subsystem results for each time in-
terval should furnish a good indication of the caepabilities of the logistics
operation. Repetitions of this simulation furnish an indication of the
effects of statistical variation.
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In practice, logistics operations are virtually

alvays parts of sys=
tems which are devoted to the accomplishment of one or more specified pur-
poses. Then the suitability of a given logistics operation, or the relative
desirebilities of several competitive logistics operations, ordinarily can
not be determined independently of the system characteristics. Im fact, the

worth of a logistics operation seems to be most meaningfully evaluated by

consideration of the behavior of the system when this logistics operation
is used.

When & system is extensive and complicated; a deterministic examination
of its detailed operation is seldom feasible, even by the use of simulation
and high-speed computers. If allowancé is also made for random effects,
such as damage, the difficulty of examining the system operation in detail
is greatly increased. However, by suitable aggregation of detail, so that
only the important effects are considered, the principal characteristics of
the operation of a system can often be simlated in a feasible manner, even

vhen random damage occurs. The purpose of this paper is to present a model

of a somewhat general nature for performing simulations of this type.
For the similation model presented, the system in which the logistics

operation is imbedded is not of a completely general nature. The viewpoint

adopted is that the purpose of the simulation is to examine the logistics

operation under realistic circumstances. This purpose can often be accom-

plished to a reasonable extent by limiting consideration to gystems which

are concerned with the use and availability of various types of items and



for which the "strategies" for system operation are restricted to transfer

of items within the system and to maintenance and repair capabilities.

Here natural and induced demage to the items are the only random effects

that are introduced, and these depend on probability distributions which,

in the system.
The major 1oss of generality in the model presented is that, during
the time period considered, the probability distributions for induced at-

trition are influenced only

by occurrences within the system containing the
logistics operation. Often the induced attrition arisés from a separate sys=
tem. Then the intéractions between the two systems during the time interval,

and their effect on the operation strategies adopted by the systems, can be

operation. However, when the principel interest is in the logistics oper=
ation, the restricted system considered in this paper should be satisfactory
in most cases. Actually, by judicious specification of the functional forms
for the probability distributions of induced attrition, the effects of the
second system can usually be at least roughly approximated. When a realistic
evaluation of the behavior of the entire system is desired, a separate sim-
lation model can be developed for the system influencing the induced attrition.
Then the combination of the two systems can be simulated by relating the two
models through their strategies and the probability distributions for induced
demage.

natural attrition. As opposed to induced attrition, which arises from unusual
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causes and can bé deliberately introduced by another system, natural at=
trition represents the random damage that occurs in the ordinary day=to=
day operation of the system.

A c¢haracteristic of the similation model presented is that some of the

strategles (those involving transfer of items) can be chosen on the basis

of an estimation of the future behavior of the system. That is, suppose
that the system operation has beén simulated up to the énd of a given time
interval; using these observed results, the future system behavior is antici=
pated by assuming that the attrition levels that have been observed are the
actual attrition levels for future time intervals. This procedure geners
alizes the less realistic procedure of fixing these strategies prior to the
simlation and includes the fixed strategy situation as & special case.

A fundemental part of the development of the simmlation model is the
conversion of the continuous situation for system operation to en approxi-
mately equivalent discrete situation which is feasible for simulation on &
high=speed computer. This is accomplished by dividing the time period during
vhich simlation is to be performed into time intervals of equal length and
by dividing the system into appropriate subsystems. The selection of the
subsystems and the basic time interval depends on the system considered and
is determined on a judgment basis,

Every subsystem is concerned with the operation and the transportation
of items. Some of the subsystems are also concerned with the performance of
maintenance and/or the repair of damage for items. All operations of the
system occur as a result of the use of the items in the system, These oper-

ations include the logistics functions of transportation, maintenance, and
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gistics part of the system. Also some of the subsystems are included for

s

repair; in fact, some of the items are introduced exclusively for the lo-

special purposes; that is, some subsystems are introduced for the perform-
ance of maintenance and/or repair while others are included for the removal
from the system or the introduction into the system of items.

Starting with the initiel condition of the system (specified), the simu-
lation is performed over all subsystems for the first time interval. Here,

and at all steps, the damage actually received is introduced by a Monte

Carlo procédure. On the basis of the initial conditions and the results

second time interval. In a stepwise fashion, this procedure is continued
until the condition of the system at the end of the final time interval is
determined. The totality of results, for all the time intervals, constitutes
a similation of the behavior of the gystem. Several independent repetitions
of this simulation should furnish a good indication of the statistical vari-
ation in system operation that is due to the random character of the damage J

received,

In the mathematical model, each item that occurs in the system operation

is considered separately. Roughly stated, the breakdown used for the model

the type of item, the subsystem location of the item, the status (e.g., in

operation, in tramsit to repair, in maintenance) of the item, the maintenance !

schedule for the item, and the anticipated future~location scheduling for the %

item. Of these, the time interval considered and the location for the item :
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considered receive the principal attention in the model. In fact, as in-

dicated by the relationships that are used to state the mathematical model,

interval, item, and item location; that is, with little loss in generality,
the mathematical model can be considered to have a fixed functional form
vhich involves variables that depend on the time interval, item, and item
location., Haviz

g fixed functional forms of this nature is convenient from
the viewpoint of similation on a high

=speed computer. Namely, the problem
is reduced to that of determining the values of the variables that oceur in
the fixed functional forms.

The specification of the mathematical model is made in general terms.
That is, the available values that are sufficient to determine a new value
are always explicitly identified; however, the function of these values that
furnishes the new value is seldom explicitly stated. The model is suffi«
ciently general to represent many situations of interest but does not com=-
cern itself with the problem of explicitly determining the various functions
that occur in its statement. For each given system to be simulated, this
problem would ordinarily be solved by a technical examination of the pro-
perties and the purposes of the system.

The model presented represents an appreciable aggregation of detail,
However, in spite of this consolidation, a very large mmber of evaluations

selecting the basic time interval, the subsystems, the types of items, the

functional forms, the levels of maintenance considered, the levels of damage
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that can be received, eté., even the model presented may be too massive for

Simulations of the type considered seem to6 be most valuablé fo~ develop-
ing an understanding of & logistics operation that is imbedded in a complicated

system. These similations should algo be useful in examining the relative

desirability of stated logistics strategies and the relative desirability of
specified logistics operations.

The next section, REMARKS CONCERNING THE MODEL,; contains statements of
a more detailed nature about the characteristics of the similation model.
The quantities that occur in the model are identified and defined in the
following section, which is titled DEFINITION OF NOTATION. The next to last
section, ASSUMPTIONS AND CONDITIONS, contains statements concerning limite
ations 6f the model and about some of its properties. The final section,
FUNCTIONAL RELATIONSHIPS AND MATHEMATICAL MODEL, contains the statement of
the general simulation model.
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REMARKS CONCERNING THE MODEL

The mathematical model presented for similation uses involves so

many different quantities and is of such a complicated natire that no

perties. The only description given that covers all the details of the
model is of a technical character; the next three sections of the paper
are devoted to this description. However, discussions do seem to be
varranted for some of the properties of the model and these discussions
are given in this section.

In addition to the transfer schedules, various other quantities in

the model have the characteristics of "strategles”; that is, these quan
tities have influence on the system operation and, at least to some ex=
tent, can be deliberately specified. Some of thése strategies are in-
cluded in the condition of the gsystem at the beginning of the time period.
Some of the others are represented by the explicit statements of the
functions that are used in parts of the mathematical model; that is,

these functional forms are determined by the characteristics of the system
and improvement of these characteristics is one method of improving the
system operation. For example, the functional forms for the times spent
in transit, in maintenance, and in repair represent strategies of this
type. The maintenance schedules specified for the items represent stra-
gles of another type, since they influence the probability distributions
for natural attrition. Investigation of the effects of the strategies on
the system behavior is perhaps the most important reason for simulating

the system operation.



The maintenance schedule for an item is expressed in terms of the
sccumilated amount of operational time for that item (accumilated from
the beginning of the time period being simulated). However, ah interval
of time during which an item is in operational condition does not nec=
essarily represent a full interval of operational time for that item.

In fact, the amount of operational time acewmlated during a time interval

in vhich an item is in operational condition can depend on the time interval
considered, the subsystem location of the item, the item type, whether the
item 18 in transit, the number of other items of this type in this sub-

system at this time;, ete. An item accum

1lates no operational time during

a time interval if it is not in operational condition at both the beginning
end the end of this interval. Although accumilated operational time is not
necessarily expressed as an integral pumber of time intervals, the mainte-
nance schedules are expressed in this fashion. An item vhich was in an
operational status at the beginning of a time interval needs maintenance
at the end of this interval if its accumilated operational time equals or
exceeds a critical value in the maintenance schedule at the end of the time
interval.

At the end of each time interval, the transfer schedules that are to
be introduced for items are chosen by anticipating the future behavior of
the system. Since the system operation for future time intervals also in-

of computation required in estimating the future behavior can easily reach

an infeasible level. In many cases, adopting specified schedules for the
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itens that are not used in the logistics operation may be desirable. Re=

time interval represents another possibility for reducing the amount of
computation. An important part of the mathematical model is an efficiency
ériterion for simltaneously deciding, at the end of each time interval,
vhich combination of the eligible transfer schedules is to be used. A setis=
8 difficult problem that must be solved for each system that is simulated.

For items of a given type, the damage that can be received by an item
is represented by a finite set of levels; also a c¢ommon set of levels is
used for representing the kinds of maintenancé that an item can be scheduled
to undergo. To simplify the presentation, the number of damage levels is
considered to be the same for all typee of items and the numbér of mainten=
ance levels is taken to be the same for all types of items. This simpli-
fication results in no loss of generality since not all of the levels need
to be used for every type of item. In general, the meanings of the levels
may differ greatly from one type of item to another. The procedure of
using levels is evidently suitable for maintenance and should nearly always
furnish an acceptable representation of demage, if enough damage levels are
used.

At the end of any given time interval, the level of future natural

average of the observed values over all the time intervals up to and including

the given interval. Here the estimates are for the average demage during

a single time interval and are obtalned for every combination of item type



and subsystem. Then,the anticipated fuimre behavior of the system is pre-
dicted by starting with the situation ¢ the end of the given time interval
and simdating the future system operatdcn under the assumption that the
observed average values equal the actud damage values for each of the future

time intervals. Here probability enter only in a very restricted sense, and

is introduced by a Monte Carlo process, Specifically

» let an average attrition
value be stated in the form I + f, wher I is a non-negative integer and f

is a non-negative proper fraction; theitfthe damsge level actually used is

selected op & Monte Carlo basis and hastSithe value I with probability 1 - f

and the value I + 1 with probability £. This rsndom rounding of an average
damage value to one of the damage level considered can be done (independently)
for each combination of item and futuri#time interval. In this manner, a

definite damage level is determined foremkach item at each future time interval

For a given subsystem, a differeni®type of logistics item might be needed

for each combination of logistics taskummi item type. Sometimes, however, onme
type of logistics item performs the ses logistics function for items of sev-
eral types., Consequently, groupings off-items of several different types can
oc¢cur in the determination of the effeis- s of numbers of items on the logistics
operation for a subsystem.

Finally, the wide range of applici:-ion for the simulation model pre-
sented should probably be emphasized. M*he principel restrictions imposed by
the mathematical model are of a genersit nature; namely, statements of which
available values are sufficient for the determination of a new value. Thus

the model is applicable for the simuleiron of any system for which a basic
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specified by the model is needed for determini

time interval, a set of subsystems, etc., can be determined so that the
relations actually satisfied (to a reasonable approximation) depend on
the same sets of variebles as those for the corresponding relations in

the model. Of course, if only a subset of the set of available values

ng the new value; the re=
lation stated in the mathematical model is satisfied.
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DEFINITION OF NOTATTON

Extensive use is made of symbolism in presenting the functional form
of the mathematical model for a specified subsystem at a given time. Follows
ing are the definitions for this notation. These definitions should also be
useful in identifying the factors that are explicitly considered in the simu=
lation model presented.

t = time interval considered (t = 1,...,T)

4 = identification mumber for an item (u = 1,...,U)

v, = classification type for u-th item (v, = 1,...,V). Here
types 1,...,L refer to non<logistics items while types
L+ 1,...,V vefer to logistics items

J,(t) = subsystem location of u-th item during the t-th time
interval. The subsystemis are identified by the numbers

8,(t) = status of u-th item at end of t~th time interval; s (0)
is specified initial condition. Seven different status
levels are considered:

Level 1 = item in operation (not in transit)

Level 2 = item operational but in transit

Level 3 = item in transit to receive maintenance

Level 4 = item in transit for repair of damage that is

at different level from that present at end
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P’(u) (d; tc) =

=lhas

Level 5= item in trensit for repair of damage that is

at same level as that present at end of previous
Level 6 & receiving maintenance
level 7 = receiving repair

ilated amount of operational time at end of t-th interval;

is(u)(O) =0

= maintenance schedule for u-th item; depends on accumulated

amount of operational time for that item

maintenance level needed by u=th item at end of t~th time
intervel. Maintenance levels considered are 0,1,...,M where
level O denotes that no maintenance needed

level of damage from natural attrition received by u-th item
during t-th time interval (in addition to induced damage re=
ceived in this time interval and

mage present at beginning

of intervel). Levels considered for damsge from any source
are 0,1,...,D, where level O denotes that no damage received
level of damege from induced attrition received by u-th item

ring t<th time interval (in addition to natural damage re-
ceived in this time interval and damage present at beginning

of interval) 1
probability that u-th item will receive natural damage of

level 4 during t-th time interval (4 = 0,1,...,D). The value

of Qn(“—)‘(t) is a random choice from this discrete probability
distribution



PI(u)(d;‘t) =

D, (£,4)
Di(u)(tid) =

4, (t) =

te(u)(t) =

<15=

probability that u«th item will receive induced damage of
level & quring teth time interval (d = 0,1;...,D). The value
of ai(u)(t) is a random choice from this discrete probability
distribution

arithmetical average of & ("' )(t!) over a1l ¢' < ¢ end all u'
such that v,, = v, and Jug(t') =)

arithmetical average of ai(“')(t") over all t' £ t and all u'
such that v, , = v, and J“.(t') = J

overall demage level of u-th item at end of t~th time intervel;
au(rO) is specified initial eondition

anticipated number of additional time intervals; after t=th,
required for u-th item to become operational; here té(u)(t)‘ =0
implies that su(t) = 1 or 2. Determined by starting with situ=
ation at end of t«th interval and simulating results for future

time intervals under assumption that du(“')(t') - Dﬁ("*" i £y 351 (8")]

sna &y () (v1) = 0 ()08, (8] for &0 > ¢ and al1 ' set

e A s

equal to T + 1 - t if item not anticipated to be in operation

by end of T=th interval

anticipated mumber of additional time intervals, after t-th,
required for u-th item to complete transit (change of subsystems);
here t, (u)(t.) = 0 implies that u-th item not in transit at end ﬁ
of t-th interval, Determined by starting with situstion at emd ?
of t-th interval and similating results for future time intervals
under the assumption that d“(“!)(t') = nn(“' )[t,an.(t")] and ?




s (W(s) =

£, (W) -

Jm(u)(t) =

=l6=

di(w)(t') = DI(“' )[t;.Ju,(‘t')]’ for t' >t and all u'; set

equal to T+ 1 = t if transit not anticipated to be completed

by end of T=th interval

anticipated number of additional time intervals, after t-th,
required for maintenance to be compléeted £or usth item; here
tm(“) {t) = 0 implies that u-th item not receiving maintenance

at end of t-th interval. Determined by starting with situatioam
at end of t-th interval and similating results for future time
intervals under the assumption that aﬁ(“')(t') a Dﬁ(u')[t,,ju,(t")]
and &, (%) (80) = 0, (M )0e, 5, (60 for &0 > ¢ and a1 u's set
equal to T + 1 = t if maintenance not anticipated to be completed
by end of T-th interval

anticipated number of additional time intervals, after t=th,
required for repair to be completed for u-th item; here tr(u)(t)‘
= O implies that u-th item not receiving repair at énd of t=-th
interval. Determined by starting with situation at emd of t-th
interval and simulating results for future time intervaels under
the assumption that du(“')(t') = Dn(u')‘[t,.ju.(t')] and ai(“")(t')
= Dl(u')[t,.ju.(t')i for t > t' and all u'; set equal to T+ 1 = ¢ (
if repair not anticipated to be completed by end of T-th intervel
subsystem in which u-th item receiving maintenance during t-th

time interval; here J (“)(t) = 0 implies that u-th item not
,,m -

receiving maintenance during t-th interval
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subsystem in which u-th item receiving repair during t-th

time interval; here ,j_("'-‘)’(t) £ 0 implies that u-th item not
Y

receiving repair during t=th interval
number of operational items of type v (status 1 or 2)
in subsystem } at end of teth time interval which were

in status 1 at beginning of this interval

to be in operation (status 1) in subsystem j at end of t-th
time interval

number of items of type v and in operation (status 1) in
subsystem Ji at end of t=th time interval that are scheduled
to begin transit to subsystem J, at end of t-th interval;
schedule can be stated in terms of m (t,v,J). Several possible
schedules can be specified for n (t,v, J »9,) with the schedule
selected being determined by the anticipated future behavior
of thée system for each possibility, under the assumption that

3 (1) = 05,607 ama 4 Mie) = 2 Ve8]

for t' >t and all u. These possible schedules are denoted by
(k)

ng 8 (t:vhj;nja): 155 = l:-u)xs(t:vnjl_:dg)

= mumber of items of type v and in operation (status 1) in sub-

system .jl at end of t-th time intervael that actually begin

transit to subsgystem J 2 at end of t-th interval

L ts v 3, (#),3,] = queuing priority assigned u-th item in selection of which items
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So(tovn‘]) =

SM(t: v,m,J) =

of type v, and status 1 at end of t=th time interval are to
start transit from subsystem J“'(t).v to subsystem J 2 at end of

teth interve

15 q,lt5v,,3,(t),4,) 18 positive for s, (t) = 1
and zero otherwise

specification of the instransit subsystem locations,; in

given order, for an operational item (status 2) of type v
that began transit from subsystem j and at end of t-th time
interval; last of these subsystems is destination of item.

The item changes from status 2 to status 1 when the desti-
nation subsystem, denoted by J (t,v,3), reached in operation=
al condition. Several alternative specifications of in-transit
subsystem locations could be given with specification selected
being determined by the anticipated future behavior of the
system under the assumption that aﬁ(“)(t') = DN(“)['t,‘.ju(t')]

di(“)(t') = DI(u')‘ft,d‘u(t')] for t > t' and all u, These

) (k)
alternatives are demoted by 8, ° (t,%,d), ky = 1,.40,K (£,%,])

specification of the In-transit subsystem locations, in given
order, for en item of type Vv needing maintenance at level m
which began transit from subsystem j and at end of t-th time
interval; last of these subsystems is destination of item for
receiving maintenance. The item changes from status 3 to status
6 when the destination subsystem reached in undamaged condition.
Several alternative specifications of in-transit subsystem

locations could be given with specification selected being
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SR( t,v,8,J) =

e(t) =

-195

determined by the anticipated future behavior of the system
under the assumption that dﬁ(“)(t') = DN(“‘)"E t,Jﬁ(t')] and

a ey = ,We,5 ()] for ¢ > ¢ and ol u. These
alternatives are denoted by sM w (t,v,m,;3);5 ky =1
“-:KM(t:V;m:J)‘

specification of the in-transit subsystem locations; in given
order; for an item of type v needing repair of level d damage
which began transit for repair of this level 6f damage from
subsystem j and at end of t-th time interval. Several altern=
ative specifications of in-transit subsystem locations could
be given with specification selected being determined by the
future behavior of the system under the assumption that

a o) = 3 Wte,5,0607 at & Biee) = 0, Mg g, 60)
for t > t' and all u. These alternatives are denoted by
SR(kR)(t:V;d;J): kR = 1;---:%(’59":673)

efficiency criterion for similtanecusly selecting the

strategles ﬂs(t’vuj;:zé‘g): Sg(t,V;J), SM(t,V;m,-d): and
(x.)
Sp(t,v,d,3) from the sets of possibilities (n, ° (t,v,3 ,4)),

(k) (k) (kz)
[SQ ° (t,v,3)), {SM kM (t,v,m,3)}, and (SR kR (t,v,4,3)).
Determined by starting with situation at end of t-th time
interval and similating results for future time intervals
under the assumption that d.u(u)(t') = Dn(u)[t,.j“(t')] and

ql(“‘—)(t') = DI(“)[t,Ju(t"_)]',for t' > t and all u. Here, for

t <t St (L), the n(t',v,),,3,), 8,(t',v)d), §(t',vm,d),

ST
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gc(v.id}myd) =

Gﬂ(vﬂﬂ:é) =

Fo(tst')8d) =

«20-

and Sp(t',v,d,)) are determined from e(t'); in general, all
possible selections for these strategies must be considered.
For t' > t # té(t) , however, each of these strategies is
uniquely specified on the basis of an efficiency criterion
elt';t,t,(t)] that is determined by the actual and antici-
pated results (all possible combinations of selections) for
the situations existing at the end of time intervals up to
and ineluding t + té(t)

type of logistics item that is used for transportation in
subsystem J of in-transit items of type v, damage level d,
an’ peeding maintenance of level m. Here instransit items
are grouped with respect to type, damage level, maintenance
level needed, and subsystem location in such a manner that
all items of a group can be handled by the same type of
v,d,m, 3 may yield the same value for gy(v,d,m,J). Note
that one or both of d and m are zero

type of logistics item used for maintenance of items of
type v that are receiving maintenance at level m in sub-
system )

type of logistics item used for repair of items of type v
that are receiving repair of level 4 damage in subsystem
anticipated number of in-transit items in subsystem J at
the end of each of the time intervals t + 1,...,t + t' ST

of type g« This vector determined by starting with
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situation at end of t-th interval and simulating results
5 for time intervals t + 1l,...;t + t' under the assumption
dat & (W (e7) = 5 Wie,s (6] ana W (er) « 5, W0e, 5, (4]
for t+ 1St Lt+ ¢t and all u

Hy(t:t',8,3) = anticipated mmber of items in maintenance in subsystem J

AR R

at the end of each of the time intervals t + l;s.ist+ t' < T
that are handled in maintenance in this subsystem by logisties

items of type g, This vector determined by starting with

situation at end of t-th interval and simulating results for
time intervals t + 1,...,t + t' under the agsumption that

for t+ 1<t t+ ¢ and all u

?;t_?
-
%&

4
H
Fue
%
5
bad

Np(t,t',85,3) = anticipated mmber of items in repsir in subsystem j at
the end of each of the time intervals t + 1,...,t + t' T
that are handled in repair in this subsystem by items of

type g;. This vector determined by starting with situation

sy

at end of t-th interval and simmlating results for time
intervals t + 1,...,t 4+ t' under the assumption that djn‘(n)(t")
» gn(“)‘[ t,3,(¢")] and "11(“)("‘") = DI(“)‘[t,Ju(t")] for
1 t+1st"St+t' andallu
K(t,t',g,J) = enticipated mmber of logistics items of type g that ave
in operation (status 1) in subsystem J et the end of each
of the time intervals t + 1,...,t + t' ST, This vector
determined by starting with situation at end of t-th interval

R PR [Rr————"
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and simulating results for time intervals t + 1,..s,t + t'
under the assumption that dﬁ(u)(t") = 'Bﬂ(u)"[ t,—.jﬁ(t"?)‘]: and
&) = 0 ®ie,5 (4] for £+ 1<t St 4 4 and
| t,v,£00), ‘(6),30(1;)] - anticipated additional mumber of time intervals required,
after t-th interval, for operational item of type v that
began transit st the end of time interval t(°) from sub-
system J“(°) and which 1s now in subsystem j (t) to coms
Plete transit in J (t). Determined on basis of Ny(t,t',
ggd) and N(t,t',6,0); value of t00,v,4(%),3(0),5 (0)1 1

specified initial condition. Set equal to T+ 1 = t if

transit in J§_(t) not anticipated to be completed by end
of T-th interval. Item leaves a transit subsystem and
enters next subsystem specified by Sé(t(°),\r,.j(°)) when

td[ t’v’t(o)’J(o)‘:Jo(t)] =0

,jo\(t, v,t("),a‘(")) = subsystem location during t-th time interval for oper-
ational unit (status 2) of type v that began transit at
the end of time interval t(°) from subsystem 3(°)

el 6 vim 6™, 50,5 (4)] = anttcipated adattional mumber of time intervals required,
after t-th intervel, for item of type v that needs main-
tenance of level m, began transit at end of time interval
t(M) from subsystem J(M), apd is now in subsystem j,(t),
to complete transit in JM(t)-_ Determined on basis of
%(tzt':ﬁ;é) and N(t,t',8,J); velue of %O:Vam:t(n);d(u):



$0 500y

(t: Vym,t

tR[t:V;d, (R) J (R):JR(t)] =

Jn(t) v,4, t(“R),J(B) ) =

ot i

=23

3(0)] is specified initial condition. Set equal to
T+ 1-t if transit in J,(t) not anticipated to be
completed by end of T-th interval. Item leaves a
transit subsystem and enters next subsystem specified

by sM(t( ) v,m,J(M)) vhen tM[t V;m,t ( ) (M),Jﬁ(t)]e =0

= subsystem location during t-th time interval for item

of type v that needs maintenance of level m and began

transit at end of time interval

+™ grom subsysten 3M)
anticipated additional number of time intervals required,
after t=th interval, for item of type v that needs repair

of damage level 4, began transit for repair of this level

of damage at the end of time interval +(R) from subsystem
31(‘1‘2)’ and 1s now in subsystem dy(t), to complete tranmit
of j(t). Determined on basis of No(t,t';gp,3) and
M(t,5,8,3); value of £0,v,4,4(%),3(B) 5 (0)] 18
specified initial condition. Set equal to T+ 1 = ¢

if transit in (t) not anticipated to be completed by
end of T-th interval. Item leaves a transit subsystem
and enters next subsystem specified by SR(t(R),v,d,J(R))
vhen t'R[tr"r@rt(n)aé(n):ﬂk(t)l =0

subsystem location during t-th time interval for item of “
transit for repeir of damage at this level at the end of
time interval t(m from subsystem J(B)



3,2 (e) =

t (0)(s) =

3, M) -

tu(u') (t) =

3, () -

£, ®(x) -

Eu(tﬂ:!‘:é) -

=2lia

this item operational and in transit (status 2) at emd

of (t - 1)=th interval

anticipated number of additional time intervals, after
t-th, for completion of transit in subsystem iju(‘:’)('t) for
u~th item, when this item in status 2 at end of (t = 1)=th

ymined on basis of té[ t,v,t‘(“s), (é),:jd(t)]

location of u-th item during t-th time interval when

of (t = 1)=th interval

anticipated mmber of additional time intervals; after

t=th, for completion of transit in subsystem ‘J‘u(“)(t)‘

for u-th item, vhen this item in status 3 at eénd of

(6 - 1)-th interval. Deternined on basts of t.t,v,m,t(™,3™),3 ()]

location of u-th item during t-th time interval when

this item in transit to repair (status 4 or 5) at end
of (t = 1)=th interval

anticipated mmber of additional time intervals, after
tth, for completion of trassit in subsystem J (F)(t)
for u-th item, when this item in status 4 or 5 at emd
of (% = 1)-th interval, Determined on besis of
tR[t;V.v@:t(g)rJ(g):JB(t)]

anticipeted mmber of time intervals to completion

of maintenance for item of type v that begins maintenance



of level m in subsystem ) at the end of the t-th time
i interval, Determir

d on the basis of K(t,t',g,,J) end
N(t,t',8,3) for t' sufficiently large. Set equal to
T+ 1 - t if maintenance not anticipated to be completed
by end of T«th interval

Tp(t,v,a,J) = enticipated mumber of time intervals to completion of
repair for item of type v that begins reps

ir of level i
d damage in subsystem J at the end of the t-th time
intervel. Determined on the basis of Ny(t,t',8g,J) and
N(t,t',g,J) for t' sufficiently large. BSet equal to
T+ 1 <t if repair not anticipated to be completed bty
end of T-th interval

Cu‘(°i)(t~) = function used for stating whether the u-th item is chosen

to begin transit at the end of the t-th interval vhen it

i
st .

was in operation (status 1) at beginn

ng of this time

interval. Has value O if su(t = 1) = 1 but u-th item

oot chosen to begin transit; has value 1 if s (t - 1) =1

Dt s R T

item chosen to begin transit; has value 2 otherwise
T (o)(t)

kY u

most recent time interval, up to and including t-th, such
o~ (0)e (0) vt _ -
that € ~[ru (¢)1 =1

g AR

7, (t) = most recent time interval, up to end including t-th, such
that %lzo(“)‘[ *u,(M) (t)1) >0 vut %[Zo(u)lrg(w(t) -1} =0

T (R)(t) most recent time interval, up to and including t-th, such

wat alr, ()] - afr®) - 21 >0
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fn(“)(t') = most recent time interval, up to and mcluding t=th, sich
that £, Ue (De) < 2] >0 0r w (2, Wie @) 221y =0

?r(“)(f.) = most recent time interval, up to and including t-th, such
that £,(Dpr @(e) <11 >0 0z &ﬁf‘i‘f(u)(t) -1 =0

ng(t,v,4,m,)) = mmber of items of type v, damage level 4, and needing

maintenance at level m that are in transit in subsystem J

at end of t-th time interval

ﬁn(iﬁ,i,d) = mumber of items of type v that are recéiving maintenance
of level m in subsystem J at end of t-th time interval

Bg(t,v,d,3) = mmber of items of type v that are receiving repair of
damage at level d in subsystem J at end of t-th time interval
n,(t,7,J) = mmber of items of type v in operation (status 1) in subsystem
J at end of t-th time interval; ﬁo(o,‘v,a) is specified initial

condition



«27-

The model developed must satisfy some assumptions if the similation
is to furnish an acceptable approximation to the operation of the system
being considered. These assumptions, which are concerned with the approx-
imation of a continuous situation by a discrete situation, can be stated
as follows:

(a) The basic time intervel

igh to yield
& reasonable approximation to the situation of continuous time.

(b) The basic time interval and the subsystems are such that the
rendom damage received in one subsystem can be considered inde=

pendent of the random damsa

ge received in any other subsystem
diring the same time interval.

iplicated enougl

(¢) The subsystems are uncon

. for their required pro-
perties to be satisfied to a reasonsble approximation. That is,
the use of these subsystems, in conjunction with the conditions
and relationships specified by the model, furnishes an accepta~
ble representation of the system behavior when the other assump-
tions hold.,

Whether assumptions (a)-(c) are acceptable for a given-size basic time in-

terval and a specified set of subsystems depends on the system being approx-

imated and on the conditions and relationships imposed by the model.
The functional relationships used in specifying the mathematical model
are stated in the next section. Separately, some conditions are adopted

for the operation of the model. These conditions serve two purposes. First,

some fundamental logistics priorities are specified. Second, the simlation

SR,



nodel is simplified without mueh curtadln

ant of its generality and appli-

cability. The conditions imposed are

1.

2,

3e

L,

After completion of maintenance or repair, an item is con=

sidered to be operational (status 1) for at least one time
Repair of damage takes precedence over maintenance. When
an item needing maintenance or receiving maintenance is
damaged, the item first receives repair. The require

tenance is then performed as if it were first coming due in

the subsystem vhere the repair was completed. Functionally,
this 1s accomplished by slightly reducing the velue of 7,(W)(t),
vhich has a value which spécifies that maintenance is due, when

the iteid becomes

amaged; then maintenance will immediately be-
come due as the item becomes operational at the end of repair.
Thus, the model is such that an item can not similtaneously be
After a change of status because of the need for maintenance
or the need for repair, an item is considered to be in transit
(perhaps in the same subsystem) for at least one time interval
before maintenance or repair is started.

For each cambination of velues for time interval, subsystem
location, type of item, level of damage, and maintenance level
needed, the scheduled transfer is to a single destination sub-

gystem and by use of a single route (specified by the in-transit
subsystems and their order in the transit).
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6.

7.

8.
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If an item becomes due for maintenance or receives damage
vhile in transit, it is treated as if it vere an item (not

in transit) of the subsystem where this status change occurred.
If & damaged item becomes further damaged, it is treated as

if the totality of dama

¢ vere Just received in thé subsysten

epair already received for the
previous dame

ge level is not considered. However, the repair
received is taken into consideration in deciding how much the
values of ai(“)(t) and ai(ﬁ)(t) are to increase the value of
4,(t = 1).

Changes in the characteristics of an item that occur during

a given time interval do not have any effect on the other
items until at least one time interval later.

An item stays in each of its subsystem locations for at least

These conditions are used, sometimes only implicitly, in the statement of
the functional relationships among the quantities occurring in the mathe-
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FUNCTIONAL RELATIONS AND MATHEMATICAL MODEL

The mathematical model for the simulation consists of the statement
of a method whereby knowledge of all the pertinent quantities up to and
including the end of the (t = 1)-th time interval can be used to evaluate
these quantities at the end of the t-th interval. This model, combined
with the given initial conditions for the system, can be used for simu-
lating the system operation over all the time intervals considered. Here
the pertinent quantities for each time interval are thoseé defined in the
DEFINITION OF NOTATION.

As already mentioned, the general similation model presented is not
of a detailed nature, with the other values that are used to determine a
given quantity only being identified in many cases. That is, in the
statement of the model, the evaluation of a given quantity is often ex=
pressed in the form of an unspecified function of specified quantities at
stated times. Thus the other values which are sufficient for evaluation
of this quantity are stated but the form of the function used in the
evaluation is not always stated. Of course, for a simlation of any given
system, these functions would be specified on the basis of the properties
of the system considered.

This section fulfills a dual purpose. First, for each quantity con-
sidered, the other values that are sufficient for determination of this
quantity are specified. Second, the order in which functional relations
for quantities are presented furnishes a statement of the mathematical

model for the simulation. That is, this order is such that the specified

g a quantity are always previously evaluated,

e bt
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on the basis of quantities which have already occurred in the ordering
and/or quantities for preceding time intervals. In situations involving
anticipated future behavior of the system, the similation is projected into
the future but is based exclusively on values that have already been deter-

The quantities n,(t,v,3), By(t,v,a,m,3), n(t,v,m,3), and n(t,v,4,)
are determined by direct examination of the situation at the end of the
t=th time interval, vhile Cu(o)(t) is determined

by this examination and
the value of Bu(‘f’a « 1), The Vﬁ:%(é),a‘c(%dz,md),‘EH(V@J)‘;\éi(if:d,d),

depend on the time interval considered vhile the B (t,J)

pendently of the similation. The values of T, U, V, L,
J; M, and D are specified. Some of the other quantities were defined in

& functional form in the DEFINITION OF NOTATION. The rems

tities that occur in the similation model depend on the following forms i
of functional relationships: 3

'.fu(tiﬂlbd ) = “j.’n[t, V:mpdi'ﬂu(t—"it ”iﬂpJ):Nui t-l,’r!(t-l;?,n;d); !

%(V,M,J);J],l[ tilo%(tél)V;!!)J);G"!(V:D)J))J]}

Tp(t,v,4,3) = gty V4, JL;‘TB(t@l:V:Q;J)Jg[ =1, Tp(t-1,v,d,3),
GR(V:@;J)_)J] ,H[ t!l;%(t'!ly v,d, J)’GB(V)QJJ ))J])

3,06wt®,300) @ g 16,3, 001,%,8(9), 000 g e, 0000 5000,

Jo(tel.v,t(g);d(°))]:So(t(°),v_.3(°))) for ¢

&> () ana oquats 3©) for ¢ = +(°)
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té,[?t,v,t(°)‘,a‘(°),ao(t,v,t("),a‘("))l . t’éit,v,t‘(")‘;é(a),.ﬂ@(tﬁ,t“(°),~d(°))3

. 19,000,300 (121,4,409), 50Ny,
B Fo(tel,t [ =1,y £(0),5(0) 4 o(t=1,%; +09),
190)1,85(%,0,0,3(°)),5(9)) (e-1,
tottal,v,t'("),a(°),.16(t-1,v,t(°),.j(°))],

86(%0,0,3*)),3(*)))

3yt vsmyt M, 3 My oy e, 5 (82, v, 600,500 ¢ Lo,
V,ﬁ,t(ﬁ),j(u),Jn(tal,v,in t('“),,j(“))],
8,(t™,v,2,5M)) gor ¢ > tM o

equals 3 for ¢ = (M

; tM[t,V,m,t(M),‘ (M))JM('@:V’!&:'@(M):J(M))} = tH[t,v,m,t(M),J(M),Ju(t,v,m,t(n),.j(n));

tM[ t-1, V;m:t(u)‘:J (M))Ju(tﬁl: V:m:t(n)ad(u) )]:

A
5
S
e
Lo
I
B
?
£
&
Eo

Hc(‘tsl, tM[ t=1,v,m, t(M) ’d (M)’ J'n( t-1,v,m,
t(n):J(M))]:Bc(V:O;’!’J (%) )53 (3) ),N(t-1,

tyl t=1, ":!!:‘t(m;-’ (’m:du(t'«la A t(n)_:J(n) )1,

5o N SR TR T SR e

sc(‘-'ao:m,a (M) )3 (M)))

JB(t’ v,4, t("n):J (R) ) = J‘R(‘t; JB(t’l: v,d, t(R) »d (R) )’tR[ t-1,v,q,

o), 5B, (61, v,0,6 (R, 3Ry g (4R),



3o

v,a,a(ﬁ))) tor t > t®) ang equals

J(R) for t = t(R)

26,585 Lk 0,68, 5 B (1 v,,60, R,
tl t-1,v,8,5(%) :J(R),Jﬁ(tﬁl, v,4,t®),
3(®)y3 RRCERA TR 4, ¢R) 4®)
Jﬁ(t‘l’v5dft(3);J(R))lyéc(vsa,o,J(ﬁ)),
3(®) )sB(tel, tpl t=1,v,4, {-;(R), J(R) 3g (L,

v, 8,3 (B)), g (v,8,0,3 (), 5By
3,890 (6) = 3t 7, )0, 5, 07, O (6]
tu(é)(t) = to[t’vﬁ’?u(e)(t)’JuJ*h(o)(t)]:dg(o)(t)l

3.0 = aftvumm, Wi @i, M),
TRCALION)

tu(M,) (%) = fu[ t, vu’%uo(u)[ .ru(M,) (+)1) ’.ru(M) (t),
3 M (02,3, ()]

Ju(g)(t) = Jg(t)vu?d’u[Tu(B)(t)]’Tu(B)(t)’

RCALIOM)
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1B = tyltvualn Doln B, s 00, ® 0,9, ®en
J,(t) = 3,(t-1) vhen 5, (t<1) = 1,6, or 7
= 3,0)(¢) when s (1) = 2
= 3, (¢) vhen g (t-1) = 3
= 3, (t) vhen 5, (8-1) = bor 5

2 (@56) = Bplasty vy 3, (60, (0 1l v, 8, (8], 0L 60,8, (801),
%[Té(u)(tal)],dn( )13 42, v, M (7, (W (4113, ()],

gl £1, %4, (8-1), 3, (8134, (87), 8,(67),3,(40), 2, () (81);

?I(“)(d;t) = PI[d;t,Vﬁ:Ju(t);du(t'),Su(t'),J“(t'),nb(t',vaa),nc(ti,V3d',
m,.)),nu‘(t*',V,m;d);nn(t',%d',.j);(t' = 000052150 = Lyeeey

J;v = lpone’v;@! = O,l,u-,D;'ln = Q,l,...,M)]

8,() = alw,a, (1), 8,(t-1), 45 (), 8, (), 2 (W ee), 21 8, v,

%(tel),au(t)ll

7, (8) = 1 Lt,%, 1 (D (12),8,(81),8,(4),8,(4-2),3,(¥)]
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W] = M(u,™,m (#))
% . )& )%

6 0(8) = 1ty % 8 (800,060,000, 8,(8-2) 3, D),
M (2, () (£2)),3,(8,6, (00,7, (4,7, M) 7, B,
£, (),5,M(),¢, B (2),8, 07, 8, 9,03, 7, 0,
8,07, ™ (&), v M2, W ()1, 3,07, W (61,807, B 8), v,
a0 B (6)1,3,07, B (0011, 8561, 8, (82 gL w8, (8,
M, (2, (800,361, 3, (600, 0002, 8,0 (£-2), gl w08, (8),
u (r, (D (£),3,(6)1,4,(6)))

tm(u)(t) z 0 if tc(u)(t) >0 or if %[To(u)(t) £ 0

= t'ni[t"vu’tm(u)(tgl)’su(til)’nu(To(u)(t)):du{ m(u)‘(fa)'}:

 ERRA LRI ROW L A O RREAIO)
3072 (€11, 81, 6, (M) (8-2) g v Mm (e,

30 01),3,17, P )N)] othervise
tr‘(“)(t) = 0 if tc(“i)(t) >0 orif 4 ,(¢) =0

= tr[ t) vu; tr(u)(t"l) ) ‘BIL( 'b'—'l-, d‘;l(t)’ J\l{ T;‘(u)(t,) ] ,NR[t._.l’ t';'(u) (tﬂ]_-) ’
g (vra (00,37 (). L. D)), Mt e, M (82),

8 (Vrdy (0,38 7. M 01,3, 7 D ()11 ottervise
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£, (t) = 0 vhen d,(t) = 0 end iiuwe(“)(t)] 50

= £ (epn, tere, W (), v M 1, (01,5, Wiwe Do)

vhen i {2, () (6)] > 0 ant £, V() > 0

= 1t enylon, (), 1,0, (80,8, B v (£)1) vhen

a,(t) >0 and tc(“)(e) >0
= t,(t) vhen k{2, W (1)1 >0 amt £, (8) = 0
- tr(u)(t) vhen 4 (£) > 0 and t,(W)(¢) = 0
3.(8) = 0 vhen w1, (W(e)] = 0 or £, (V(e) >0
= 317, ()] othervise
3:.(8) = 0 vhen 4, (%) = 0 or £,M(t) >0
- 3,07, ()] otnervise
8,(t) = 1 vhen t,g(“)(t.) - O,tc(“)(t) =0
= 2 vhen £,V (8) = 0,4,V (8) >0

= 3 when tg(“—)(t) > o_,t-c(“)(t) > o,%[!r@(‘—‘)(t)l >0
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« 4 vhen to‘(u)(t) > o,tc(“)(t) > 0,d,(t) > &,(t-1)

« 5 vhen £ (1) > 0,6, (¢) > 0,4,(t) > 0,a,(¢)

& du(til)
= 6 vhen £, (1) > 0,5, (%) = o, L1, M(e)) >0
= 7 vhen £, (8) > 0,,()(%) = 0,a,(t) >0

qu[t’vu"’u(t)’aal = Q(t)“.ivun‘)u(t):dzyBu(t‘l):%(ﬁ):'l'o(u)('E):‘To(ui)(t')i
ms(“'), for all u', such that v, = v,J,.(t) = §,(%),

e (1) = L,4,(6) = 0 aad 7, )(1)] « 0)

ﬁ;(tﬂ’nj) s nlttyvyd’go(t‘l,vd)iVﬂu)%(t)"%['ru(o)(t)]: for all

u, such that v, = v,J,(t) = §, and s (t-1) = 1)
na(t’v"j;»"dg) = min(ns(tﬁ:dl;dz): Mo"n;(t’v"’x) . Bv(t:J;)l]

e(t) = function that can depend on any of the similated
actual results (up to end of t-th interval) and any
of the anticipated future results for all possible

combined choices for the present and future strategies

e[t';t,t,(t)] = function that can depend on any of the actual results




(up to end of t-th interval) and any of the antici-
pated future results that are obtained on basis of
situation at end of t'~th interval, where t' <t + t,(t)

ﬂs(t;v v, 9 2) :‘So(to v,3), SM( t,vym, d); SR( t,v,4,3)
s gtrategies that aré chosen from all combinations of
possibilities by anticipating future behavior of

DEFINITION OF NOTATION, and use of e(t); determines
Jo(fﬁj-ﬁ)

ie(t:ﬁ':écaJ)sﬁ“(tot':‘S“:J'):lv‘R(t:t':-BB:J);W(‘E:'&"’B‘OJ)‘
= functions that are directly obtained by anticipating
future behavior of &ystem (as outlined the

DEFINITION OF NOTATION) using the selected strategies

This completes the statement of the functional relationships emong
the various quantities that occur in the simulation model presented. The

mathemetical model furnished by these relationships, and their order of
presentation, seems to be sufficlently general for use in the investigation
of many types of logistics situations.
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